Lecture 14: Counting Solutions and the Matrix

Inverse
Elementary matrices, invertibility — (§3.2-3.3)

Differential Equations & Linear Algebra

1 Recap: REF and RREF

Last time: linear systems, augmented matrices, and elementary row operations,

AZ=b — [A]b].

For [A | b] to be in REF and/or RREF, it must satisfy:

(i) Zero rows (if any) are on the bottom.
ii) Leftmost try of each
(ii) Leftmos :w‘nze:() fen ry of each nonzero REF
row (the “pivot”) is 1. RREF
(iii) Each pivot is to the right of the pivots above it.
(iv) Each pivot is the only nonzero entry in its column. ]
1.1 Examples
Pivots are circled.
1) 4 3
1 31 breaks (ii)
!O 0 2] and (iv) 0 0 0 RREF v/
0 0 0
1 2 3 1
0 (1 3 2 breaks (iv) 13 0 =10
0 0 o0 (1 = REF, 0 0 (1, =2 0 RREF v
not RREF 0O 0 0 O 1
0 0O 0 O



2 Reading off the number of solutions

Once a system is in REF or RREF, we can immediately identify whether 0, 1, or oo
many solutions exist — scenarios we describe with the following language:

e If no solutions exist, the system is inconsistent
e If 1 or more solutions exist, the system is consistent

e If 0o solutions exist, the system is consistent but underdetermined

We identify these from REF/RREF as follows:

e If any row looks like [ 0o --- 0 ‘ k ] with k& # 0, then there are no solutions: the

system is inconsistent.

e Otherwise the system is consistent: there is at least one solution.

For consistent systems:

-

e If every column in A (not in [A | b]) is a pivot column, there is exactly one unique
solution.

— Recall that the rank of a matrix, denoted rank A, is defined as the number of
pivot columns; so this is saying that the rank of A must equal the number of
independent variables in the system to have a unique solution.

—

e If there are one or more non-pivot columns in A (not in [A | b]), there are co many
solutions: the system is underdetermined.

3 Row reduction as matrix multiplication

Row reductions are the matrix equivalent of manipulating individual equations in high-
school algebra.

High-school algebra:

22+ =1 subtract 22 from both sides
& (P4 —2t=1-2"
& yYPr=1-2? take /- of both sides

& y=4v1-— 22

Central logic: if @ = b is a true statement, then sois a-c=b- ¢, and a® = b?, etc.
We just need to do the same manipulation to both sides.

See Ez. 5.1 at the end
of the Lecture 13
notes; also §3.2,
FEzxamples 6-9.



Here: if the statement AZ = b is true, then we can manipulate both sides and write
down other true statements (kind of like equivalent systems, discussed last time). For
instance,

AZ=b = BA7=B.
(Note: order matters! Usually AB # BA.)
Example 3.1. Suppose

A 7 b
N =

2 0 0f |z 2

00 1| |yl =13

0 1 0] |z 2

(Note that we can see immediately, by doing the matrix multiplication on the left-hand
side of the “=", that 2z =2, 2 =3, and y = 2.)

We can multiply both sides from the left by

1 00
E;=[0 0 1 toget E;AZ=Eb:
0 10
1 0 0|2 0 0O |z 1 0 0] |2
= 0 1110 0 1| [yl = [0 O 1] |3
0 1 0|0 1 Of |z 0 1 0] |2
do this mlIlrtiplication & do this multiplication
2 0 0| |z 2
— |01 0fl|y|l=]2
0 0 1] |z 3
$ 00
Now multiply on the left by E; = [0 1 0
0 01
1 00][2 0 0] 10 0] [2
= 0 1 0|0 1 O [y|]=10 1 0Of |2
0 0 1[0 0 1] |z 0 0 1| (3
10 0| [z 1
= 0 1 0f |yl =12 — hey, that’s RREF!
00 1] |z 3

3.1 Elementary matrices

Elementary row operations R; on [A | 5} <= left-multiplication of AZ = b by
elementary matrices E;, where the elementary matrix E; is the result of doing
R; to I




In Example 3.1, E; is I with rows 2 and 3 exchanged, and E; is [ with row 1 multiplied
by %

Now consider AZ = b again, and left-multiply by I:

1 0 02 0 Of |z 1 0 0] |2
0O 1 0[]0 O 1] |y| =10 1 0f (3
0O 0 1|10 1 0] |= 0 0 1 _2
—_—
do this multiplication leave this
2 0 0] [ 1 0 0] [2]
— |00 1| |yl=1]0o 1 0|3
01 0] |z 0 0 1 2_
As before, left-multiply by
100
2
E:E; =10 0 1
0 1
So AF— l—)— Note that, fqr any
square matriz B, we
— A7Z=1Ib have BI = IB = B.
<— EE/A7r= EzElﬂg
—— ~——
already showed use EoE1I=EsE;
this=1I (property of I)
100 300
— |01 0/Z=1]0 0 1|b
0 01 01 0

— ¥ =EE;
<~

To recap, we have

Ar=b <+— I¥= E>E,
and we also showed that EsE;A = 1.
This is kind of like how some nonzero scalar a multiplied by (a)~! = 1/a always

produces 1 (i.e., a/a = 1). There’s no such thing as “dividing by A” for a matrix A
the way you can divide things by scalars, but this is the next best thing.




4 The matrix inverse

Recall: matrices represent linear operators; they’re a special kind of function whose
input and output are both vectors. In the example above,

()2 maps = — y and /- maps y —

A maps F to b } like how, if y = 2%, then \/y =
—
(for x > 0 anyway).

EsE; maps bto T

So EqE; undoes A like how +/- undoes (-)2. Or we could say EoE1 does the inverse of
A = let’s call it A1,

4.1 Definition and properties

Matrix inverse. For an n x n matrix A, if

rank A = n,
—

# of pivot columns

then A is invertible, and there exists A~ with the following properties:
e AT=0b < T=A"b.
e ATTA=AAI =T

o If Ry, Ry,..., Ry are the row operations done to A to yield I (its RREF), then
doing R1, Ra, ..., Ry to I yields A~1.

— Hence the augmented matrix method for computing A~! (See p. 149 of

the book.):
do Ry,...,Rg
%

[A|I] [I] A7)

More properties of inverses:
° (Afl)f1 =A.
° (Afl)T — (AT)fl.
e If A and B are both n x n and invertible, then
(AB) "' =B 'A"!  (not A"'B7!).

Note. If A’s RREF is not [, (i.e., if rank A < n), then A is not invertible.

4.2 The “Fundamental” Theorem of Invertible Matrices

n X n matrices have a long list of properties that are true if and only if they are invertible;
we’ve now introduced enough concepts to start listing some of these properties, with more
to come later.



If A is n x n, then the following are equivalent:

(a) A has n pivot columns.

—

(
(h) AZ=0 < #=0.
(To be continued. .. )

(For an example of a case where condition (g) above is not met, go back to the under-
determined system example at the end of last lecture, or Examples 6 — 7 in §3.2 of the
book. This is especially important for later on when we apply these ideas to differential
equations.)
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